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Communicated by Harry Kesten, November 11, 1971 The purpose of this note is to outline a proof of the following converse to the mean value theorem for harmonic functions in two variables. Details will appear in [9] . THEOREM 
Let Qbe a bounded Lipschitz domain in the plane, and let f be a Lebesgue measurable function on Q such that \f(x)\ ^ g(x)
, xeQ, for some positive harmonic function g on Q. If for each x e Q there is a disc contained in Q and centered at x over which the average off is f(x), and if ô(x), the radius of this disc, as a function of x is bounded away from 0 on compact subsets of Q, then ƒ is harmonic.
Our study has been motivated by the special case of Theorem 1 stated by Feller [5] in which Q is the unit disc, ƒ is bounded, and <5(x) = d(x, Q c ) is the distance from x to the complement of Q. A proof of Feller's assertion appears in [1] . In [2] , Baxter obtains the conclusion of harmonicity in any dimension under the following assumptions: (a) Q is a C 1 manifold with boundary, (b) ô(-) is measurable, (c) ƒ is bounded, and (d) for some con-
). In a later paper [6] , Heath obtains the same conclusion under assumptions (b), (c), (a') Q is a bounded region in R m , and (d') for some constant c > 0, (1 -c) 
c ). Our approach to Theorem 1, outlined below, differs from the papers cited above, although [6] also uses a probabilistic argument. The extension of Theorem 1 to n ^ 3 dimensions is almost immediate once our "density theorem," Theorem 3, has been so extended.
Below
, denotes the average of the measurable function h over the disc, B ô (x\ of radius ô centered at x. The assumption in Theorem 1 becomes \j/( ƒ, <5(x), x) = /(x), x e Q. 
If f 0 can be proved harmonic, then because ƒ = f 0 almost everywhere,
, xeQ, and ƒ is harmonic. We are thus free to assume both ƒ and ô Borel. Space does not permit an outline of the proof of Theorem 2. The proof uses results from potential theory (particularly [7] ) and probability theory. Another important ingredient is the following theorem which may be of independent interest. We obtain <p(/J) > 2~2 88 jS 36 , but the exponent 36 can be lowered, at least below 25. If Q is required to have sides parallel to the axes, the exponent drops to 6, and simple examples show it can be no lower than 2.
